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SUMMARY 
A u n i q u e  m o d i f i c a t i o n  t o  t h e  NASTRAN s o l u t i o n  sequence f o r  t r a n s i e n t  
a n a l y s i s  w i t h  d i r e c t  t i m e  i n t e g r a t i o n  ( C O S M I C  NASTRAN r i g i d  f o r m a t  9 )  has been 
deve loped  and i n c o r p o r a t e d  i n t o  a DMAP a l t e r .  T h i s  DMAP a l t e r  c a l c u l a t e s  t h e  
b u c k l i n g  s t a b i l i t y  o f  a d y n a m i c a l l y  l o a d e d  s t r u c t u r e ,  and i s  used t o  p r e d i c t  
t h e  o n s e t  o f  s t r u c t u r a l  b u c k l i n g  under  s t ress -wave  l o a d i n g  c o n d i t i o n s .  The 
m o d i f i e d  s o l u t i o n  sequence i n c o r p o r a t e s  t h e  l i n e a r  b u c k l i n g  a n a l y s i s  c a p a b i l i t y  
( r i g i d  f o r m a t  5 )  of N A S T R A N  i n t o  t h e  e x i s t i n g  T r a n s i e n t  s o l u t i o n  r i g i d  f o r m a t  
i n  such a way as t o  p r o v i d e  a t i m e  dependent  e i g e n s o l u t i o n  w h i c h  i s  used t o  
assess t h e  b u c k l i n g  s t a b i l i t y  of t h e  s t r u c t u r e  as i t  responds t o  t h e  i m p u l s i v e  
l o a d .  A s  a d e m o n s t r a t i o n  of t h e  v a l i d i t y  of t h i s  m o d i f i e d  s o l u t i o n  p r o c e d u r e ,  
t h e  dynamic b u c k l i n g  o f  a p r i s m a t i c  b a r  s u b j e c t e d  t o  an i m p u l s i v e  l o n g i t u d i n a l  
compress ion  i s  a n a l y z e d  and compared t o  t h e  known t h e o r e t i c a l  s o l u t i o n .  I n  
a d d i t i o n ,  a dynamic b u c k l i n g  a n a l y s i s  i s  p e r f o r m e d  fo r  t h e  a n a l y t i c a l l y  l e s s  
t r a c t a b l e  p r o b l e m  of t h e  l o c a l i z e d  dynamic b u c k l i n g  o f  an i n i t i a l l y  f l a w e d  com- 
p o s i t e  l a m i n a t e  under  t r a n s v e r s e  i m p a c t  l o a d i n g .  The a d d i t i o n  o f  t h i s  DMAP 
a l t e r  t o  t h e  t r a n s i e n t  s o l u t i o n  sequence i n  NASTRAN f a c i l i t a t e s  t h e  computa- 
t i o n a l  p r e d i c t i o n  of b o t h  t h e  t i m e  a t  wh ich  t h e  o n s e t  o f  dynamic b u c k l i n g  
o c c u r s  i n  an i m p u l s i v e l y  l o a d e d  s t r u c t u r e ,  and t h e  dynamic b u c k l i n g  mode 
shapes o f  t h a t  s t r u c t u r e .  
I INTRODUCTION 
I 
Composi te  l a m i n a t e s  t h a t  a r e  s u b j e c t e d  t o  s t a t i c ,  dynamic,  or f a t i g u e  
l o a d i n g  a r e  known t o  undergo  d e l a m i n a t i o n ,  or debond ing ,  between t h e  l a m i n a t e d  
s t i f f n e s s  and s t r e n g t h ,  and can c o n s i d e r a b l y  reduce  t h e  s t r u c t u r a l  i n t e g r i t y  
o f  a l a m i n a t e .  Once t h i s  damage has o c c u r r e d ,  a compress i ve  s t r e s s  n e a r  t h e  
d e l a m i n a t i o n  can i n d u c e  l o c a l  b u c k l i n g  o f  t h e  d e l a m i n a t e d  p l i e s .  T h i s  buck- 
l i n g  may t h e n  cause f u r t h e r  e x t e n s i o n  o f  t h e  d e l a m i n a t i o n  and p r o g r e s s i v e  wea- 
k e n i n g  o f  t h e  l a m i n a t e .  I n  l i e u  of a c t u a l  e x p e r i m e n t a l  t e s t i n g ,  t h e  a b i l i t y  
t o  c o m p u t a t i o n a l l y  p r e d i c t  t h e  o n s e t  o f  d e l a m i n a t i o n  b u c k l i n g  i s  n e c e s s a r y  f o r  
I p l i e s  of wh ich  t h e y  a r e  composed. D e l a m i n a t i o n  causes a s i g n i f i c a n t  loss 
I 
I e v a l u a t i n g  t h e  d u r a b i l i t y  o f  many c o m p o s i t e  s t r u c t u r e s .  
The d e l a m i n a t i o n  b u c k l i n g  phenomenon has been o b s e r v e d  e x p e r i m e n t a l l y  
under  b o t h  s t a t i c  and f a t i g u e  l o a d i n g  c o n d i t i o n s  ( R e f s .  1 t o  4 ) ,  and s e v e r a l  
a n a l y t i c a l  and n u m e r i c a l  methods have been p roposed  ( R e f s .  5 and 6) t o  model 
t h i s  damage mechanism. F i n i t e - e l e m e n t  approaches ( R e f s .  7 t o  9) have been 
used as t h e  b a s i s  for t h e s e  a n a l y s e s ,  b u t  no comparable n u m e r i c a l  methods e x i s t  
t o  a n a l y z e  d e l i m i n a t i o n  b u c k l i n g  w h i c h  o c c u r s  as a r e s u l t  of an i m p u l s i v e l y  
a p p l i e d  l o a d .  Tha t  i s  t h e  t o p i c  o f  t h i s  p a p e r .  
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I .  4 i ' ' *  
Exper i -men ta f -obsekva t ions  o f  dynamic d e l a m i n a t i o n  buck1 i n g  i n  t r a n s v e r s e l y  
impac ted  l a m i n a t e s  w e r e  r e p o r t e d  e a r l i e r  ( R e f s .  10 t o  1 2 ) ,  u s i n g  h igh -speed  
pho tog raphy  and s i m u l t a n e o u s  s t r a i n  measurements o f  t r a n s v e r s e l y  impac ted  l a m i -  
n a t e s .  A r e l a t e d  n u m e r i c a l  a n a l y s i s  ( R e f .  10) i n d i c a t e d  t h a t  t h e  b u c k l i n g  
b e h a v i o r  must be accounted for  i n  t h e  c o m p u t a t i o n a l  model i n  o r d e r  t o  accu- 
r a t e l y  assess t h e  damage t o l e r a n c e  c a p a b i l i t y  o f  t h e  l a m i n a t e .  
t h e  p r e s e n t  development  o f  a NASTRAN DMAP a l t e r  a n a l y s i s  p r o c e d u r e  t h a t  can 
be used t o  c o m p u t a t i o n a l l y  p r e d i c t  t h e  o n s e t  o f  b u c k l i n g  i n s t a b i l i t y  under  
t r a n s i e n t  s t ress-wave l o a d i n g .  
T h i s  m o t i v a t e d  
The o b j e c t i v e s  o f  t h i s  paper  a r e ,  t h e r e f o r e ,  ( 1 )  t o  o u t l i n e  t h e  dynamic 
b u c k l i n g  a n a l y s i s  c o m p u t a t i o n a l  p r o c e d u r e  and i t s  i m p l e m e n t a t i o n  i n t o  t h e  DMAP 
a l t e r  sequence ( 2 )  demons t ra te  t h e  v a l i d i t y  o f  t h e  dynamic b u c k l i n g  a n a l y s i s  
p r o c e d u r e  by a n a l y z i n g  a s i m p l e  one-d imens iona l  example p r o b l e m  w i t h  a known 
s o l u t i o n ,  and (3) a p p l y  t h e  dynamic b u c k l i n g  a n a l y s i s  t o  t h e  a n a l y t i c a l l y  l e s s  
t r a c t a b l e  p rob lem o f  t h e  l o c a l i z e d  dynamic b u c k l i n g  o f  an i n i t i a l l y  f l a w e d  
compos i te  l a m i n a t e  under  t r a n s v e r s e  impac t  l o a d i n g .  
The NASTRAN t r a n s i e n t  s o l u t i o n  sequence, when m o d i f i e d  as i n d i c a t e d  i n  
t h e  f o l l o w i n g  s e c t i o n ,  p r o v i d e s  a new c o m p u t a t i o n a l  tool t h a t  can be used t o  
p r e d i c t  b o t h  t h e  t i m e  a t  wh ich  t h e  o n s e t  o f  dynamic b u c k l i n g  o c c u r s  and t h e  
dynamic b u c k l i n g  mode shapes o f  an i m p u l s i v e l y  l o a d e d  s t r u c t u r e .  
Dynamic B u c k l i n g  A n a l y s i s  
L i n e a r  b u c k l i n g  a n a l y s i s  r e q u i r e s  s o l u t i o n  o f  t h e  e i g e n v a l u e s  p rob lem:  
[[Kl + XIKul {+I = 01 
where 
[ K l  s t r u c t u r a l  s t i f f n e s s  m a t r i x ;  
[K,I s t r e s s  s t i f f n e s s  m a t r i x  
X, {@} deno te  t h e  a s s o c i a t e d  e i g e n v a l u e  and e i g e n v e c t o r  
e q u a t  
where 
a r e a ,  
o f  un 
I n  terms of t h e  b u c k l i n g  a n a l y s i s ,  t h e  e i g e n v e c t o r  (0) r e p r e s e n t s  t h e  
b u c k l i n g  mode shape, and t h e  a s s o c i a t e d  e i g e n v a l u e  X i n d i c a t e s  t h e  m u l t i p l e  
of [K,I needed t o  make e q u a t i o n  ( 1 )  s i n g u l a r ,  t h a t  i s ,  t o  cause b u c k l i n g .  I n  
a one-d imens iona l  column b u c k l i n g  p rob lem,  each s c a l a r  e i g e n v a l u e  s a t i s f y i n g  
o n  ( 1 )  p h y s i c a l l y  r e p r e s e n t s  t h e  nond imens iona l  r a t i o :  
( 2 )  
u , i s  t h e  compress i ve  s t r e s s  i n  t h e  column, A i s  t h e  c r o s s - s e c t i o n a l  
and P, i s  t h e  b u c k l i n g  l o a d .  I f  t h e  e i g e n v a l u e  has t h e  c r i t i c a l  v a l u e  
t y  (uA = P,), b u c k l i n g  i n  t h e  a s s o c i a t e d  mode o c c u r s .  
I n  t h e  dynamic case,  t h e  t e r m s  o f  [Kul i n  Eq. ( 1 )  v a r y  w i t h  t i m e  as t h e  
s t r e s s  waves p r o p a g a t e  t h r o u g h  t h e  s t r u c t u r e .  The e i g e n s o l u t i o n  o f  ( 1 )  t h e n  
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becomes t i m e  dependen t ,  and can be used t o  t r a c k  t h e  b u c k l i n g  s t a b i l i t y  as a 
f u n c t i o n  o f  t i m e .  F i g u r e  1 i s  a s i m p l i f i e d  r e p r e s e n t a t i o n  o f  a m o d i f i e d  
d i r e c t - t i m e  i n t e g r a t i o n  s o l u t i o n  sequence i n  wh ich  t h e  upda ted  s t r e s s  s t i f f n e s s  
m a t r i x  i s  formed a f t e r  each t i m e  s t e p  A t ,  and t h e  a s s o c i a t e d  e i g e n v a l u e  p r o b -  
l e m  i n  e q u a t i o n  ( 1 )  i s  s o l v e d .  The e i g e n v a l u e  i s  now a f u n c t i o n  o f  t i m e ,  and 
i t  i n d i c a t e s  t h e  o n s e t  o f  b u c k l i n g  when i t  reaches  t h e  c r i t i c a l  v a l u e  o f  u n i t y .  
f i g u r e  2 i s  t h e  DMAP a l t e r  wh ich  i n c o r p o r a t e s  t h i s  dynamic b u c k l i n g  a l g o r i t h m  
i n t o  t h e  e x i s t i n g  t r a n s i e n t  s o l u t i o n  sequence. 
DMAP P rocedure  
The f u n c t i o n s  of t h e  DMAP s t a t e m e n t s  shown i n  F i g .  2 a r e  summarized 
h e r e .  I n  l i n e  2 t h e  number of columns i n  t h e  UPV m a t r i x  i s  d e t e r m i n e d .  T h i s  
m a t r i x  c o n t a i n s  t h e  d i s p l a c e m e n t ,  v e l o c i t y  and a c c e l e r a t i o n  v e c t o r s  f o r  each 
degree of f reedom a t  each t i m e  s t e p .  L i n e s  2 t h r o u g h  16 fol low t h e  Bubb le  
A l g o r i t h m  approach  o f  R e f .  1 3 .  The D M I  column m a t r i c e s  T I P 1  and BAS1 from t h e  
B u l k  D a t a  deck,  each i n i t i a l l y  s i z e d  t o  c o n t a i n  more rows t h a n  columns i n  t h e  
UPV m a t r i x ,  a r e  used t o  form two new column m a t r i x e s ,  MNTRJ and B O O T I .  The 
number o f  rows i n  each of t h e s e  m a t r i c e s  i s  equa l  t o  t h e  number o f  columns i n  
t h e  UPV m a t r i x .  The m o n i t o r  m a t r i x  MNTRJ i n i t i a l l y  c o n t a i n s  u n i t y  i n  t h e  
f i r s t  row and z e r o  i n  t h e  r e m a i n i n g  rows. The BOOTI m a t r i x  a lways  c o n t a i n s  
u n i t y  i n  t h e  l a s t  row and z e r o  i n  t h e  r e m a i n i n g  rows. 
H a v i n g  d e t e r m i n e d  t h e  s i z e  o f  t h e  p a r t i t i o n i n g  m a t r i c e s ,  t h e  e i g e n v a l u e  
e x t r a c t i o n  d a t a  i s  d e t e r m i n e d  i n  l i n e  19 and t h e  b u c k l i n g  c a l c u l a t i o n s  a r e  now 
p e r f o r m e d .  A t  t h e  b e g i n n i n g  o f  each pass t h r o u g h  t h e  RAALOOP, c o r r e s p o n d i n g  
t o  each i n t e g r a t i o n  t i m e  s t e p  o f  t h e  r e q u e s t e d  o u t p u t ,  t h e  c u r r e n t  column 
p o s i t i o n  i s  compared w i t h  t h e  number o f  columns i n  t h e  UPV m a t r i x ,  l i n e s  25 
t h r o u g h  27,  e n d i n g  t h e  l o o p  a t  t h e  end o f  t h e  a v a i l a b l e  d a t a .  C o n t i n u i n g  
w i t h i n  t h e  l o o p  t h e  u n i t y  v a l u e  o f  t h e  MNTRJ m a t r i x  i s  advanced t h r e e  rows, 
l i n e s  28 t h r o u g h  31,  p o i n t i n g  t o  t h e  l o c a t i o n  o f  t h e  c u r r e n t  d i s p l a c e m e n t  
v e c t o r  i n  t h e  UPV m a t r i x .  The MNTRJ m a t r i x  i s  used t o  p a r t i t i o n  t h e  UPV 
m a t r i x ,  l i n e  32, s t r i p p i n g  t h e  column c o n t a i n i n g  t h e  d i s p l a c e m e n t s .  These 
d i s p l a c e m e n t s  a r e  used i n  t h e  DSMGl module,  l i n e  33, t o  form t h e  t i m e - v a r y i n g  
g l o b a l  d i f f e r e n t i a l  s t i f f n e s s  m a t r i x ,  KDGG. The reduced  d i f f e r e n t i a l  s t i f f -  
ness m a t r i x ,  KDAA, i s  t h e n  fo rmed  by e l i m i n a t i n g  t h e  r e s t r a i n e d  and dependent  
degrees o f  f reedom,  l i n e  35 t h r o u g h  45, and i n  l i n e  47 t h i s  m a t r i x  i s  m u l t i -  
plied by negative o n e ,  forming the KDAAM matrix. The stiffness matrices KAA 
and KDAAM a r e  t h e n  used i n  t h e  READ module,  l i n e  48, t o  s o l v e  f o r  t h e  e l g e n -  
v a l u e s  and e i g e n v e c t o r s  fo r  each i n t e g r a t i o n  t i m e  s t e p  i n i t i a l l y  r e q u e s t e d  f o r  
o u t p u t .  
The e i g e n v a l u e  fo r  each t i m e  s t e p  i s  p r i n t e d  b y  1 
l i n e s  53 and 54 may be used t o  p r i n t  e i g e n v a l u e s  and e 
d a t a .  L i n e  58 may be used t o  p r i n t  e i g e n v e c t o r s .  The 
l i n e  64. 
ne 52. O p t i o n a l  
genva lue  e x t r a c t  
RAALOOP i s  ended 
Y 1  
on 
a t  
The c o m p u t a t i o n a l l y  i n t e n s i v e  n a t u r e  o f  t h i s  a n a l y s i s  can be made more 
e f f i c i e n t  b y  s l i g h t l y  m o d i f y i n g  t h e  DAMP p r o c e d u r e .  A p r o m i s i n g  method i s  t o  
p e r f o r m  t h e  b u c k l i n g  a n a l y s i s  a t  s p e c i f i e d  t i m e  i n t e r v a l s  i n  t h e  t r a n s i e n t  
s o l u t i o n  sequence r a t h e r  t h a n  a f t e r  e v e r y  t i m e  s t e p ,  as i s  done h e r e .  The 
l e n g t h  o f  t h e  t i m e  i n t e r v a l  can be p r o g r e s s i v e l y  dec reased  as t h e  e i g e n v a l u e  
b e g i n s  t o  change more r a p i d l y ,  or  as t h e  c r i t i c a l  v a l u e  o f  u n i t y  i s  approached.  
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This technique will significantly reduce the number of individual buckling 
analyses performed, and hence will result in a more computationally efficient 
algorithm. 
Example Problem 
In order to establish the validity of this analysis procedure, a simple 
problem with a known solution, as given in Ref. 14, was analyzed. The propaga- 
tion o f  a longitudinal compressive pulse in a long prismatic bar, shown in 
Fig. 3, was modelled 
Assuming a one-inch diameter aluminum bar of 
tion the elastic and geometric constants are: 
uniform circular cross sec- 
6 E = 10 x 10 psi (3) 
4 4 I = nr = in. 
4 64 
- (4) 
2 n in. A = n r  = 
4 
2 
(5) 
2 4 1 b . s  
in. 4 
p = 2.5~10- (6) 
L = 100 in. (6) 
where E i s  the Young's Modulus, I is the area 
cross-sectional area, p is the mass density, and 
moment of inertia, A is the 
L is the length of the bar. 
The lowest buckling load is given by (Ref. 15): 
(7) P, = IT 2 E 1  = 121 lb 
4L2 
A s  shown in Fig. 3, the applied load is identical to the static buckling load 
in Eq. ( 7 ) .  
Using the above material constants, the bar wave velocity is given by 
(Ref. 14): 
co =E= 200,000 in. (8) 
so the time for the longitudinal compression wave to travel from the impact 
point to the distal end of the bar is 
- -  - = 500 p~ to co (9) 
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A N A S T R A N  model c o n s i s t i n g  of t e n  r o d  e lemen ts ,  f o r  a t o t a l  o f  t e n  uncon- 
s t r a i n e d  a x i a l  degrees o f  f reedom,  was used t o  model t h e  l o n g i t u d i n a l  i m p a c t  
o f  t h e  b a r .  The i n t e g r a t i o n  t i m e  s t e p  was t a k e n  as 
(10) 
t o  i n s u r e  a n u m e r i c a l l y  converged s o l u t i o n .  The p r o p a g a t i o n  o f  t h e  compres- 
s i o n  wave from t h e  p o i n t  of i m p a c t  t o  t h e  clamped end o f  t h e  b a r  i s  d e p i c t e d  
i n  F i g s .  4 ( a )  and ( b ) .  
The compress i ve  p u l s e ,  t r a v e l i n g  a t  a speed Co, reaches  t h e  comp le te  
l e n g t h  o f  t h e  b a r  a t  t i m e  
h e l d  f i x e d ,  t h e  i n c i d e n t  compress i ve  p u l s e  r e f l e c t s  ( R e f .  15) as a p u l s e  o f  
t h e  same s i g n  ( c o m p r e s s i v e )  wh ich  super imposes on t h e  e x i s t i n g  u n i f o r m  compres- 
s i v e  s t r e s s  i n  t h e  b a r .  F i g u r e s  4 ( c )  and ( d )  d e p i c t  t h e  p r o g r e s s i o n  of t h e  
r e f l e c t e d  p u l s e ,  t r a v e l i n g  a t  a speed Co, back t o  t h e  p r o x i m a l  end o f  b a r ,  
e f f e c t i v e l y  d o u b l i n g  t h e  compress i ve  l o a d  s u p p o r t e d  by t h e  b a r .  R e f l e c t i n g  
f r o m  t h e  p r o x i m a l  ( f r e e )  end as a p u l s e  o f  ' o p p o s i t e  s i g n  ( t e n s i l e )  wh ich  super -  
imposes o n  t h e  e x i s t i n g  compress i ve  s t r e s s ,  t h e  b a r  r e t u r n s  t o  i t s  o r i g i n a l  
f u l l y  s t r e s s e d  s t a t e  a t  t i m e  3 t 0 ,  (1500 ps) as shown i n  F i g s .  4 ( e )  and ( f ) .  
F i n a l l y ,  i n  F i g s .  4 ( g )  and ( h ) ,  t h e  t e n s i l e  p u l s e  r e f l e c t s  as a t e n s i l e  p u l s e  
f r o m  t h e  f i x e d  end wh ich  t e m p o r a r i l y  c a n c e l s  t h e  u n i f o r m  compress ion  a t  t i m e  
4 t 0  (2000 ps), l e a v i n g  t h e  b a r  i n s t a n t a n e o u s l y  u n s t r e s s e d .  The s t r e s s  s t a t e s  
d e p i c t e d  i n  F i g s .  4 ( i )  and ( j ) ,  fo r  a l l  p r a c t i c a l  purposes i d e n t i c a l  t o  t h o s e  
i n  F i g s .  4 ( a )  and ( b ) ,  i n d i c a t e  t h a t ,  assuming no damping e x i s t s ,  t h e  above 
c y c l e  w i l l  r e p e a t  i t s e l f  i n d e f i n i t e l y .  
to ( 5 0 0  ps). Because t h e  d i s t a l  end o f  t h e  b a r  i s  
The c o r r e s p o n d i n g  t i m e  dependence of t h e  lowest e i g e n v a l u e  i s  shown i n  
F i g .  5 .  The c r i t i c a l  v a l u e  of 1.0 i s  r eached  a t  t i m e s  to, 3 t0 ,  5 t 0 ,  7 t 0 , .  . , 
(500, 1500, 2500, 3500 ps,. . . ) ;  and whenever t h e  b a r  s u p p o r t s  a u n i f o r m  com- 
p r e s s i v e  s t r e s s  c o r r e s p o n d i n g  t o  i t s  b u c k l i n g  l o a d .  S i m i l a r l y ,  t h e  e i g e n v a l u e  
reaches  to  i t s  l o w e r  l i m i t  of 0 .5  a t  t i m e s  2 t o ,  6 t 0 ,  lot,,. . . (1000, 3000, 
5000 ps, .  . . ) ;  and whenever t h e  s t r e s s  s t a t e  i s  d o u b l e  t h a t  o f  t h e  b u c k l i n g  
8 t 0 , .  . . (0, 2000, 4000, 6000 ps,. . . I  ; and whenever t h e  b a r  i s  u n s t r e s s e d .  
I l o a d .  The e i g e n v a l u e  becomes l a r g e  ( t h e o r e t i c a l l y  i n f i n i t e )  a t  t i m e  0, 4 t 0 ,  
I 
~ 
Super imposed on t h e  f i n i t e  e lemen t  r e s u l t s  i n  F i g .  4 i s  t h e  t h e o r e t i c a l  
1-D s o l u t i o n ,  assuming t he  s t r e s s  wave propagates n o n d i s p e r i v e l y  at a c o n s t a n t  
speed Co and r e f l e c t s  from t h e  b o u n d a r i e s  as d e s c r i b e d  above. Good agree-  
ment e x i s t s  between t h e  two s o l u t i o n s ,  even when r e l a t i v e l y  f e w  f i n i t e  e l e -  
ments a r e  used to  model t h e  b a r .  The t i m e  b e h a v i o r  o f  t h e  l o w e s t  e i g e n v a l u e ,  
shown i n  F i g .  5 ,  can be i n t e r p r e t e d  d i r e c t l y  i n  t e r m s  o f  t h e  t r a n s i e n t  s t r e s s  
d i s t r i b u t i o n  i n  F i g .  4 .  S i n c e  t h e  a p p l i e d  compress i ve  l o a d  i s  e x a c t l y  equa l  
t o  t h e  f i r s t  s t a t i c  b u c k l i n g  l o a d  i n  Eq.  ( 7 ) ,  and no s t r a i n - r a t e  dependence 
was assumed i n  t h e  f i n i t e  e lemen t  model ,  b u c k l i n g  i s  p r e d i c t e d  whenever t h e  
b a r  i s  u n i f o r m l y  s t r e s s e d  w i t h  i t s  c r i t i c a l  s t a t i c  b u c k l i n g  s t r e s s ,  w h i c h  
o c c u r s  a t  odd  m u l t i p l e s  o f  to, as shown i n  F i g .  4 .  
1 
I n  a p r a c t i c a l  a p p l i c a t i o n ,  t h e  above a n a l y s i s  i s  v a l i d  o n l y  u n t i l  t h e  
o n s e t  o f  b u c k l i n g  o c c u r s ,  s i n c e  n o  p o s t - b u c k l i n g  b e h a v i o r  has y e t  been i n c l u d e d  
i n  t h e  f i n i t e  e lemen t  mode l .  The t i m e  i t e g r a t i o n  was ex tended  i n  t h e  example 
p r o b l e m  o n l y  t o  p h y s i c a l l y  i n t e r p r e t  t h e  r e s u l t s  of t h e  dynamic b u c k l i n g  
a n a l y s i s .  
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Dynamic D e l a m i n a t i o n  B u c k l i n g  
The example p rob lem c o u l d  have been s o l v e d  w i t h o u t  t h e  use o f  a f i n i t e  
e l e m e n t  a n a l y s i s  because o f  t h e  s i m p l e  n o n - d i s p e r s i v e  n a t u r e  o f  t h e  l o n g i t u d i -  
n a l  wave p r o p a g a t i o n .  However ,  t h e  p r o p a g a t i o n  o f  f l e x u r a l  waves i n  b e a m - l i k e  
s t r u c t u r e s  i s  d i s p e r s i v e  b y  n a t u r e ,  and as such wou ld  pose a f o r m i d a b l e  c h a l -  
l enge  w i t h o u t  t h e  use o f  some t y p e  o f  c o m p u t a t i o n a l  s i m u l a t i o n .  I n  Ref. 11, 
e x p e r i m e n t a l  measurements o f  d e l a m i n a t i o n  d u c k l i n g  i n  g r a p h i t e / e p o x y  c o m p o s i t e  
l a m i n a t e s  w e r e  r e p o r t e d .  The beam- l i ke  e x p e r i m e n t a l  specimens had s i m u l a t e d  
d e l a m i n a t i o n s  ( p l y  d i s b o n d s )  embedded i n  them d u r i n g  t h e  f a b r i c a t i o n  p r o c e s s .  
They w e r e  h e l d  clamped a t  b o t h  ends and impac ted  t r a n s v e r s e l y ,  as d e p i c t e d  
s c h e m a t i c a l l y  i n  F i g .  6 .  The subsequent f l e x u r e - i n d u c e d  l o c a l  b u c k l i n g  o f  t h e  
d e l a m i n a t i o n  was r e c o r d e d  u s i n g  s t r a i n  gages and h i g h  speed p h o t o g r a p h y .  A 
f i n i t e  e lement  model o f  t h e  i n i t i a l l y  f l a w e d  e x p e r i m e n t a l  specimen i s  used 
he re  t o  v e r i f y  t h a t  t h e  dynamic d e l a m i n a t i o n  b u c k l i n g  phenomenon can be p r e -  
d i c t e d  u s i n g  c o m p u t a t i o n a l  s i m u l a t i o n .  F i g u r e  6 shows t h e  geometry  and l o a d i n g  
c o n d i t i o n s  for t h e  i n i t i a l l y  f l awed  compos i te  l a m i n a t e  s u b j e c t e d  t o  a t r a n s -  
v e r s e  i m p a c t .  The f i n i t e  e lemen t  d i s c r e t i z a t i o n  o f  t h i s  l a m i n a t e  n e a r  t h e  
embedded f l a w  i s  shown s c h e m a t i c a l l y  i n  F i g .  7 .  The l a y e r e d  s t r u c t u r e  o f  t h e  
compos i te  l a m i n a t e  i s  r e p r e s e n t e d  by l a y e r s  o f  s h e l l  e l e m e n t s .  M u l t i p o i n t  con- 
s t r a i n t s  a r e  imposed on t h e  degrees of freedom between n e i g h b o r i n g  n o d a l  p o i n t s  
i n  t h e  t h i c k n e s s  d i r e c t i o n  such t h a t  s i m p l e  beam b e n d i n g  d i s p l a c e m e n t s  a r e  
e n f o r c e d ;  t h a t  i s ,  p l a n e  s e c t i o n s  r e m a i n  p l a n e  and no s t r a i n  e x i s t s  i n  t h e  
t h i c k n e s s  d i r e c t i o n .  These c o n s t r a i n t s  a r e  removed i n  t h e  d e l a m i n a t e d  r e g i o n  
t o  a l l o w  t h e  d e l a m i n a t e d  p l i e s  t o  s e p a r a t e  from t h e  ma in  l a m i n a t e  when a l o c a l  
compress ion o c c u r s  i n  t h a t  a r e a ,  as shown i n  F i g .  7 .  More comp le te  d e t a i l s  o f  
t h e  f i n i t e  e lement  m o d e l i n g  p r o c e d u r e  a r e  g i v e n  i n  R e f .  12.  
The p r o g r e s s i o n  o f  t h e  f l e x u r a l  waves o u t  from t h e  c e n t r a l  i m p a c t  p o i n t  
t o  t h e  b o u n d a r i e s  o f  t h e  l a m i n a t e  a r e  shown i n  F i g .  8 .  A s  t h e  d i s t u r b a n c e  
passes t h r o u g h  t h e  f l awed  r e g i o n  a t  100 t o  150 ps a f t e r  i m p a c t ,  t h e  d e l a m i n a t e d  
l i g a m e n t  s e p a r a t e s  from t h e  l a m i n a t e  and b e g i n s  t o  s u p p o r t  a c o m p r e s s i v e  l o n g i -  
t u d i n a l  s t r e s s  wh ich  i n c r e a s e s  i n  magn i tude  u n t i l  i t  causes a l o c a l  b u c k l i n g  
o f  t h e  d e l a m i n a t i o n .  The e i g e n v a l u e  b e h a v i o r  and c o r r e s p o n d i n g  b u c k l i n g  mode 
a r e  shown i n  F i g .  9 .  A s  t h e  l a m i n a t e  deforms under  t h e  a p p l i e d  l o a d ,  t h e  
e i g e n v a l u e  decreases m o n o t o n i c a l l y  i n  magn i tude  u n t i l  i t  reaches  t h e  c r i t i c a l  
v a l u e  o f  u n i t y ,  i n d i c a t i n g  t h e  o n s e t  o f  b u c k l i n g  a t  a p p r o x i m a t e l y  190 ps from 
i m p a c t .  The c o r r e s p o n d i n g  b u c k l i n g  mode shape i s  a l s o  d e p i c t e d  i n  t h e  f i g u r e .  
These r e s u l t s  c o r r e s p o n d  c l o s e l y  w i t h  e x p e r i m e n t a l  o b s e r v a t i o n s .  B o t h  
t h e  b u c k l i n g  mode shape and t h e  t i m e  a t  w h i c h  b u c k l i n g  o c c u r s  a r e  i n  good 
agreement w i t h  measurements t a k e n  from h i g h  speed p h o t o g r a p h s .  A d e t a i l e d  com- 
p a r i s o n  o f  f i n i t e  e lemen t  r e s u l t s  and e x p e r i m e n t a l  measurements i s  g i v e n  i n  
R e f .  1 1 .  
CONCLUSIONS 
A dynamic d e l a m i n a t i o n  b u c k l i n g  a n a l y s i s  p r o c e d u r e  has been i n c o r p o r a t e d ,  
i n  t h e  form o f  a DMAP a l t e r ,  i n t o  t h e  t r a n s i e n t  a n a l y s i s  r i g i d  f o r m a t  o f  
NASTRAN.  W i t h  t h i s  enhancement, NASTRAN can be used t o  c a l c u l a t e  t h e  t i m e  a t  
wh ich  dynamic b u c k l i n g  o c c u r s  and t h e  b u c k l i n g  mode shape o f  a s t r u c t u r e  sub- 
j e c t e d  t o  dynamic l o a d i n g .  Comparison of t h e  c a l c u l a t e d  r e s u l t s  w i t h  a known 
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s o l u t i o n  s u p p o r t s  t h e  v a l i d i t y  o f  t h e  a n a l y s i s .  A p p l i c a t i o n  o f  t h e  dynamic 
b u c k l i n g  a n a l y s i s  t o  t h e  more complex p r o b l e m  o f  t r a n s v e r s e  i m p a c t  of beam- 
1 i ke  1 am ina te  was demons t ra ted ,  and t h e  r e s u l  t s  phenomeno log ica l  l y  d u p l  i c a t e d  
t h o s e  r e p o r t e d  i n  e a r l i e r  e x p e r i m e n t s .  
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FIGURE 2. - DYNAMIC BUCKLING MlAP ALTER FOR TRANSIENT SOLUTION SEQUENCE. 
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FIGURE 4. - AXIAL STRESS DISTRIBUTION IN BAR DUE TO LONGITUDINAL IMPACT. 
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FIGURE 6. - COMPOSITE LAMINATE WITH INITIAL DELAMINATION, 
FIGURE 7 .  - FINITE ELEMENT REPRESENTATION 
OF COMPOSITE LAMINATE SHOWING LOCAL BUCK- 
LING OF THE DELAMINATED PLIES. 
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FIGURE 9.  - TIME DEPENDENCE OF LOWEST EIGENVALUE FOR COn- 
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